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We show how to create quantum squeezed states of magnons and phonons in a cavity magnomechanical sys-
tem. The magnons are embodied by a collective motion of a large number of spins in a macroscopic ferrimagnet,
and couple to cavity microwave photons and phonons (vibrational modes of the ferrimagnet) via the magnetic
dipole interaction and magnetostrictive interaction, respectively. The cavity is driven by a weak squeezed vac-
uum field generated by a flux-driven Josephson parametric amplifier, which is essential to get squeezed states of
the magnons and phonons. We show that the magnons can be prepared in a squeezed state via the cavity-magnon
beamsplitter interaction, and by further driving the magnon mode with a strong red-detuned microwave field, the
phonons are squeezed. We show optimal parameter regimes for obtaining large squeezing of the magnons and
phonons, which are robust against temperature and could be realized with experimentally reachable parameters.
Introduction. Recent years have witnessed a significant
progress of realizing strong light-matter interaction using col-
lective excitations of spin ensembles in ferrimagnetic systems,
for example in yttrium iron garnet (YIG), thanks to their very
high spin density and low damping rate. The Kittel mode [1]
(uniformly precessing mode) in the YIG sphere can strongly
couple to the microwave cavity photons leading to cavity po-
laritons [2–7]. Many other interesting phenomena have been
studied in the system of cavity-magnon polaritons, such as
the observation of magnon dark modes [8], the exceptional
point [9], manipulation of distant spin currents [10], and bista-
bility [11]. Another stimulating direction is to extend cavity-
magnon systems to hybrid systems by coupling the magnons
to a superconducting qubit [12], or phonons [13], which allow
one to resolve magnon number states [14], or generate tripar-
tite entangled states of magnons, photons, and phonons [15].
Magnon systems, in particular the YIG spheres, provide
a totally new platform for the study of macroscopic quan-
tum phenomena. It is natural to study macroscopic quan-
tum states in magnon-photon systems owing to a large size
of the YIG sphere. An important quantum state would be
a squeezed state. Squeezed states can be used not only to
improve the measurement sensitivity [16], but also to study
decoherence theories at large scales [17]. Besides, squeezed
states are a vital ingredient for continuous variable informa-
tion processing [18]. Furthermore, the magnon-phonon inter-
actions in YIG spheres are well studied. The nonlinear mag-
netostrictive (radiation pressure-like) interaction allows one to
create magnomechanical entanglement which then transfers
to the photon-magnon and photon-phonon subsystems, form-
ing a tripartite entangled state [15]. Such an interaction can
also be used to cool the mechanical motion and to generate
a variety of nonclassical states in both the magnon and me-
chanical modes by suitably driving the YIG sphere. We note
that the field of cavity optomechanics [19] has witnessed a
considerable progress in observing quantum effects in mas-
sive systems, where quantum squeezing of mechanical mo-
tion [20], nonclassical correlations between single photons
and phonons [21], and quantum entanglement between two
massive mechanical oscillators [22, 23] have been observed.
Here we present a scheme to generate squeezed states of
both the magnons and phonons in a hybrid magnon-photon-
phonon system. Typically the generation of squeezing is
based on the nonlinearity of the system, for example Kerr
nonlinearity in the case of optical fibers [24]. For magnons
the nonlinearity is small and hence we follow an alterna-
tive method where we drive the cavity with a squeezed
field [25, 26]. The microwave cavity is driven by a weak
squeezed vacuum field generated by a flux-driven Josephson
parametric amplifier (JPA), which is used to shape the noise
properties of quantum fluctuations of the cavity field, leading
to a squeezed cavity field. The squeezing is then transferred
to the magnons due to the effective cavity-magnon beamsplit-
ter interaction. By further driving the magnon mode with
a strong red-detuned microwave field, the magnomechanical
state-swap interaction is activated, resulting in the transfer-
ring of squeezing from the magnons to phonons. The gener-
ated squeezed states are in the steady state and robust against
environmental temperature. We study the system by using the
standard Langevin formalism and by linearizing the dynam-
ics, and we finally discuss the validity of our linearized model
and provide strategies to measure the squeezing.
The model. We consider a cavity magnomechanical sys-
tem [13, 15], as shown in Fig. 1 (a), which consists of cavity
microwave photons, magnons, and phonons. The cavity is one
sided and the output field of the cavity can be used for mea-
suring the magnon state. The magnons are embodied by a
collective motion of a large number of spins in a YIG sphere,
and couple to the cavity photons via the magnetic dipole in-
teraction and to the phonons via the magnetostrictive inter-
action [27]. We consider the size of the sphere to be much
smaller than the microwave wavelength, and the Hamiltonian
of the system reads
H/~ = ωaa†a + ωmm†m + ωb2 (q
2 + p2) + gmbm†mq
+ gma(a + a†)(m + m†) + iΩ(m†e−iω0t − meiω0t),
(1)
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FIG. 1: (a) A YIG sphere is simultaneously in a uniform bias mag-
netic field and near the maximum magnetic field of a microwave cav-
ity mode, which is driven by a weak squeezed vacuum field generated
by a flux-driven JPA. The magnon mode is directly driven by a mi-
crowave source (not shown) to enhance the magnomechanical cou-
pling. The bias magnetic field (z direction), the drive magnetic field
(y direction) and the magnetic field (x direction) of the cavity mode
are mutually perpendicular at the site of the YIG sphere. (b) Frequen-
cies and linewidths of the system. The magnon mode with frequency
ωm and linewidth κm is driven by a microwave field at frequency ω0
and the mechanical motion at frequency ωb scatters photons onto the
two sidebands at ω0 +ωb (blue sideband) and ω0 −ωb (red sideband,
not shown). If the drive squeezed field with frequency ωs, the cavity
with frequency ωa and linewidth κa, and the magnon mode are reso-
nant, the magnon mode is squeezed, and if they are further resonant
with the blue (anti-Stokes) sideband, the mechanical mode is cooled
and squeezed.
where a and m (a† and m†) are the annihilation (creation) oper-
ator of the cavity and magnon modes, respectively, [O,O†] = 1
(O= a,m), q and p ([q, p] = i) are the dimensionless posi-
tion and momentum quadratures of the mechanical mode, and
ωa, ωm, and ωb are the resonance frequencies of the cavity,
magnon and mechanical modes, respectively. The magnon
frequency is determined by the external bias magnetic field
H via ωm = γH, where γ/2pi = 28 GHz/T is the gyromag-
netic ratio. The magnon-cavity coupling rate gma currently
can be (much) larger than the dissipation rates, κm and κa,
of the magnon and cavity modes, such that the strong cou-
pling regime gma > κm, κa can be achieved [2–6]. The bare
magnomechanical coupling rate gmb is currently small, but the
magnomechanical interaction can be efficiently enhanced by
directly driving the magnon mode with a strong microwave
field [11, 28]. The Rabi frequency Ω =
√
5
4 γ
√
NB0 [15] de-
notes the coupling strength of the drive magnetic field (with
amplitude B0 and frequency ω0) with the magnon mode,
where the total number of spins N = ρV with ρ = 4.22 × 1027
m−3 the spin density of the YIG and V the volume of the
sphere. It should be noted that the boson operators m and m†
describe the collective motion of the spins via the Holstein-
Primakoff transformation [29], and Ω is derived under the
condition of the low-lying excitations, 〈m†m〉  2Ns, where
s = 52 is the spin number of the ground state Fe
3+ ion in YIG.
We apply the rotating-wave approximation to the magnon-
photon interaction, gma(a+a†)(m+m†)→ gma(am†+a†m) [2–
6, 13], and due to this interaction the squeezing from the
cavity mode is transferred to the magnon mode. This inter-
action is typically referred to as the beamsplitter interaction.
In the frame rotating at the drive frequency ω0, the quantum
Langevin equations (QLEs) describing the system are as fol-
lows
a˙ = −(i∆a + κa)a − igmam +
√
2κaain,
m˙ = −(i∆m + κm)m − igmaa − igmbmq + Ω +
√
2κmmin,
q˙ = ωbp,
p˙ = −ωbq − γbp − gmbm†m + ξ,
(2)
where ∆a = ωa − ω0, ∆m = ωm − ω0, γb is the me-
chanical damping rate, and ain, min and ξ are in-
put noise operators for the cavity, magnon and me-
chanical modes, respectively, which are zero mean and
characterized by the following correlation functions [30]:
〈ain(t) ain†(t′)〉 = (N+1) δ(t−t′), 〈ain†(t) ain(t′)〉 = N δ(t−t′),
〈ain(t) ain(t′)〉=M e−i∆s(t+t′)δ(t−t′), and 〈ain†(t) ain†(t′)〉 =
M∗ ei∆s(t+t′) δ(t−t′), where N = sinh2 r,M = eiθ sinh r cosh r,
and ∆s =ωs −ω0, with r, θ, and ωs being respectively the
squeezing parameter, phase, and frequency of the squeezed
vacuum field, which is generated by degenerate paramet-
ric down-conversion in a flux-driven JPA [31–41] based on
the nonlinearity of Josephson junctions. It has been re-
ported that the degree of squeezing as high as 10 dB has
been produced [33]. If the JPA is working with a pump
field at frequency 2ωs and vacuum fluctuations at the sig-
nal input port, it generates a squeezed vacuum microwave
field at frequency ωs [see Fig. 1 (a)] [34, 37]. Alterna-
tively, one can produce a squeezed vacuum field by a degen-
erate parametric amplifier with a microwave pump [42]. The
other input-noise correlation functions are 〈min(t)min†(t′)〉 =
[Nm(ωm) + 1] δ(t−t′), 〈min†(t)min(t′)〉 = Nm(ωm) δ(t−t′),
and 〈ξ(t)ξ(t′) + ξ(t′)ξ(t)〉/2 ' γb[2Nb(ωb)+1]δ(t−t′), where a
Markovian approximation has been made, which is valid for
a large mechanical quality factor Q = ωb/γb  1 [43], and
N j(ω j)=
[
exp
( ~ω j
kBT
)−1]−1 ( j=m, b) are the equilibrium mean
thermal magnon and phonon numbers, respectively.
Squeezing the magnons. We first show that the magnons
can be squeezed by resonantly driving the cavity with a
squeezed vacuum field, and then in the next section we show
that this squeezing can be transferred to the phonons by fur-
ther driving the magnon mode with a strong red-detuned field.
In the absence of the magnon drive and due to the fact that
gmb  gma [44], the mechanical mode is effectively decou-
pled with the magnon mode, and the system then reduces to a
two-mode system with zero averages. The fluctuations of the
system are described by the QLEs
δa˙ = −(i∆a + κa)δa − igmaδm +
√
2κaain,
δm˙ = −(i∆m + κm)δm − igmaδa +
√
2κmmin,
(3)
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FIG. 2: Variance of the magnon amplitude quadrature 〈δx(t)2〉 versus
(a) detunings ∆m and ∆a, and (b) squeezing parameter r and phase θ.
In (a) r = 2, and θ = 0, and in (b) ∆a = ∆m = 0. The blank area
denotes 〈δx(t)2〉 > 12 , i.e., above vacuum fluctuations. See text for
details of the other parameters.
which are linear and can be solved straightforwardly [45].
Here ∆a and ∆m are redefined with respect to the drive fre-
quency ωs. For the resonant case ∆a = ∆m = 0, we obtain rel-
atively simple expressions for the variances of the squeezed
cavity and magnon quadratures, δY = i(δa† − δa)/√2, and
δx = (δm + δm†)/
√
2, which are respectively
〈δY(t)2〉
=
g2ma(2Nm+1)κm+κa(g
2
ma+κaκm+κ
2
m)(cosh 2r− cos θ sinh 2r)
2(κa + κm)(g2ma + κaκm)
,
〈δx(t)2〉
=
(2Nm+1)κm(g2ma+κaκm+κ
2
a) + g
2
maκa(cosh 2r− cos θ sinh 2r)
2(κa + κm)(g2ma + κaκm)
.
(4)
The variance of the magnon amplitude quadrature 〈δx(t)2〉
takes a simple form
〈δx(t)2〉 ' 1
2
(e−2r +
κm
κa
), (5)
for the optimal squeezing regime: θ= 0, gma κa κm (κa 
κm for the detection of the magnon state [15]), and at low
temperature Nm ' 0, where the magnon and cavity modes
achieve the same degree of squeezing. Such an optimal
regime is confirmed by the results of Figs. 2 and 3. In
our definition 〈δQ(t)2〉 = 12 (Q is a mode quadrature) de-
notes vacuum fluctuations. The degree of squeezing can
be expressed in the dB unit, which can be evaluated by
−10 log10
[〈δQ(t)2〉/〈δQ(t)2〉vac], where 〈δQ(t)2〉vac = 12 .
Figure 2 shows that ∆a = ∆m = 0 (i.e., ωa = ωm = ωs), and
the phase θ = 0 are optimal for magnon squeezing. We have
adopted experimentally feasible parameters [3]: ωa/2pi = 10
GHz, κa/2pi= 5κm/2pi= 5 MHz, gma = 4κa, and T = 20 mK,
where we have used a larger κa for reading out the magnon
state [15]. Figure 3 (a) and (b) show clearly the process
of the squeezing transferring from the cavity to the magnon
mode. When the cavity photons and magnons are decou-
pled (gma = 0), the cavity field is squeezed as a result of the
squeezed driving field, while the magnon mode possesses vac-
uum fluctuations as Nm ' 0 at 20 mK. As the coupling grows,
(d)
(b)(a)
(c)
FIG. 3: (a) Variance of the cavity phase quadrature 〈δY(t)2〉 and (b)
of the magnon amplitude quadrature 〈δx(t)2〉 versus squeezing pa-
rameter r and coupling gma. (c) 〈δY(t)2〉 and (d) 〈δx(t)2〉 versus r and
temperature T (from 10 mK to 500 mK). We take T = 20 mK for (a)
and (b), and gma = 4κa for (c) and (d), and ∆a = ∆m = 0 and θ = 0
for all the plots. The other parameters are as in Fig. 2.
the cavity squeezing decreases while the magnon squeez-
ing increases, implying that the squeezing has been partially
transferred from the cavity to the magnons. For example, for
r= 1 the cavity squeezing is about 8.69 dB when gma = 0, and
the magnon (cavity) squeezing is about 5.40 dB (5.56 dB)
when gma/2pi= 20 MHz (In Ref. [3] gma/2pi= 47 MHz has
been realized). Note that we have assumed the bandwidth of
the squeezed vacuum field is larger than the cavity linewidth.
In Ref. [41] a 3.87 dB squeezed vacuum with a bandwidth of
30 MHz has been produced. This will yield a 2.89 dB squeez-
ing of the magnons for gma/2pi= 20 MHz. The cavity and
magnon squeezing are quite robust against the temperature, as
shown in Fig. 3 (c) and (d). Moderate squeezing in both the
cavity and magnon quadratures can be found even at T=0.5
K. The squeezed microwave drive produces squeezing of the
collective mode in steady state. It, however, does not affect
the decay of the mode, which is in contrast to the behavior of
a spin in squeezed field [30, 42]. Thus we study the amount
of squeezing in steady state.
Squeezing the phonons. Once the magnons are squeezed,
we turn on the strong red-detuned magnon drive [see Fig. 1
(b)] to activate the magnomechanical state-swap operation.
We adopt the linearization treatment as used in Ref. [15], and
the linearized QLEs describing the system quadrature fluctu-
ations (δX, δY, δx, δy, δq, δp), where δX = (δa + δa†)/
√
2, and
δy = i(δm† − δm)/√2, can be cast in the matrix form
u˙(t) = Au(t) + n(t), (6)
where u(t) =
[
δX(t), δY(t), δx(t), δy(t), δq(t), δp(t)
]T , n(t) =[√
2κaXin(t),
√
2κaY in(t),
√
2κmxin(t),
√
2κmyin(t), 0, ξ(t)
]T is
4the vector of input noises, and the drift matrix A is given by
A =

−κa ∆a 0 gma 0 0
−∆a −κa −gma 0 0 0
0 gma −κm ∆˜m −Gmb 0
−gma 0 −∆˜m −κm 0 0
0 0 0 0 0 ωb
0 0 0 Gmb −ωb −γb

, (7)
where ∆˜m = ∆m + gmb〈q〉 is the effective magnon-drive detun-
ing including the frequency shift due to the magnon-phonon
interaction, and Gmb = i
√
2gmb〈m〉 is the effective magnome-
chanical coupling rate, where 〈q〉 = − gmb
ωb
|〈m〉|2, and
〈m〉 = Ω(i∆a + κa)
g2ma+ (i∆˜m + κm)(i∆a + κa)
, (8)
which becomes 〈m〉 ' iΩ∆a/(g2ma − ∆˜m∆a) when |∆˜m|, |∆a| 
κa, κm, which is a pure imaginary number. The drift matrix A
is given under this condition. By taking the Fourier transform
of Eq. (6) and solving it in the frequency domain, the vari-
ances of the mechanical position and momentum quadratures
〈δq(t)2〉 and 〈δp(t)2〉 can be obtained [45], which are, however,
too lengthy to be reported here.
Figure 4 shows the variance of the mechanical position
quadrature 〈δq(t)2〉 versus various key parameters of the sys-
tem. All the results are in the steady state guaranteed by the
negative eigenvalues (real parts) of the drift matrix A. We
have employed experimentally feasible parameters [13, 48]:
ωa/2pi= 10 GHz, ωb/2pi= 10 MHz, γb/2pi= 102 Hz, κa/2pi =
5κm/2pi = 3 MHz, and at low temperature T = 10 mK. Clearly,
there is an optimal regime around ∆˜m ' ∆a ' ωb [see
Fig. 4 (a)], where the mechanical squeezing is prominent.
At this detuning, the effective Hamiltonian of the magnome-
chanical interaction is Heff/~=Gmb(m†b + mb†) [49], where
b = (q + ip)/
√
2, which results in the mechanical mode
significantly cooled close to the ground state. This inter-
action also realizes the magnon-phonon state-swap opera-
tion leading to the transferring of squeezing to the phonons.
Figure 4 (b) shows that an optimal coupling gma exists as
a result of the balance between the efficiency of squeezing
transferring and the heating of the mechanical mode. For
optimal detunings, the effective magnomechanical coupling
Gmb '
√
2gmb ωbΩω2b−g2ma
, and Gmb takes moderate values keeping
the nonlinear effect negligible (we verify this later on). The
optimal coupling Gmb/2pi = 1.5 MHz in Fig. 4 corresponds to
the drive magnetic field B0 ' 3.0×10−5 T and the drive power
P ' 5.3 mW [51] for gmb/2pi = 0.1 Hz and an optimal cou-
pling gma/2pi ' 4.2 MHz, which yield the largest mechanical
squeezing of 5.21 dB for the squeezed vacuum driving field of
r = 1 (8.69 dB). The squeezing is robust against temperature
as shown in Fig. 4 (c), which is still below vacuum fluctua-
tions when T = 200 mK and r > 0.42 (3.65 dB). For a 3.87
dB squeezed vacuum drive [41], a mechanical squeezing of
2.77 dB (2.05 dB) can be achieved at 10 mK (50 mK).
The above results are valid only when the assumption of
the low-lying excitations, 〈m†m〉  2Ns = 5N, is satisfied.
FIG. 4: Variance of the mechanical position quadrature 〈δq(t)2〉 ver-
sus (a) detunings ∆˜m and ∆a, (b) couplings gma and Gmb, and (c)
squeezing parameter r for temperatures T = 10 mK (solid), 100 mK
(dashed), and 200 mK (dot-dashed). We take gma/2pi = 4.2 MHz and
Gmb/2pi = 1.5 MHz in (a) and (c), ∆˜m = ωb and ∆a = 1.1ωb in (b)-
(c), r = 1 in (a)-(b), and ∆s = ωb and θ = 0 for all the plots. In (a)
[(b)] the blank area denotes 〈δq(t)2〉 > 0.5 (0.74). See text for details
of the other parameters.
For what we use a 250-µm-diameter YIG sphere [13], the
number of spins N ' 3.5 × 1016, and Gmb/2pi= 1.5 MHz cor-
responds to |〈m〉| ' 1.1 × 107 and Ω' 5.5 × 1014 Hz. There-
fore, 〈m†m〉 ' 1.1 × 1014 5N = 1.7 × 1017, and the assump-
tion is thus well satisfied. The strong magnon drive may bring
about unwanted nonlinear effects due to the Kerr nonlinear
term Km†mm†m in the Hamiltonian [11, 28], with K the
Kerr coefficient, which is inversely proportional to the vol-
ume of the sphere. For a 1-mm-diameter YIG sphere used
in Refs. [11, 28], K/2pi ≈ 10−10 Hz, and thus for a 250-µm-
diameter sphere, K/2pi ≈ 6.4 × 10−9 Hz. To have a negligi-
ble nonlinear effect, K|〈m〉|3  Ω must hold. For the op-
timal coupling Gmb/2pi= 1.5 MHz used in Fig. 4, we have
K|〈m〉|3 ' 4.8× 1013 Hz Ω ' 5.5× 1014 Hz, which implies
that our linearized model is valid and a good approximation.
Finally, we discuss how to detect the magnon and mechan-
ical squeezing. The magnon state can be read out by sending
a weak microwave probe field and by homodyning the cavity
output of the probe field. This requires that the cavity de-
cay rate should be much larger than the magnon dissipation
rate, such that when the drive is switched off and all cav-
ity photons decay the magnon state remains effectively un-
changed, at which time a probe field is sent. Another pos-
sibility is to study the changes in the squeezing spectrum of
the cavity output, which carries a clear signature of magnon
squeezing [45]. The mechanical squeezing can be measured
by coupling the YIG sphere to an additional optical cavity
which is driven by a weak red-detuned light. In this case,
the squeezed phonon state is mapped onto the squeezed cav-
ity output field [49, 50]. Note that, to see the squeezing of the
phonon mode, it is preferable to use the optical cavity as then
5the radiation pressure interaction is quite prominent and the
squeezing of phonons is effectively transferred to the squeez-
ing of the output.
Conclusions. We have presented a scheme to generate
squeezed states of magnons and phonons in a hybrid cav-
ity magnomechanical system. By driving the cavity with
a squeezed vacuum field and activating the effective cavity-
magnon and magnon-phonon state-swap interactions, the
magnons and phonons are squeezed in succession. Moder-
ate squeezing of the magnons (phonons) can be achieved by
using experimentally feasible (reachable) parameters. Larger
squeezing could be realized by increasing the degree of
squeezing of the drive field and working at a lower temper-
ature. The squeezed states of the magnons and phonons re-
alized in a massive object represent genuinely macroscopic
quantum states [52], and are thus useful in the study of
quantum-to-classical transition, test of decoherence theo-
ries [17], as well as for ultrasensitive detections. The hy-
brid system may find its applications in quantum information
processing, where the mechanical oscillator can act as stor-
age of information which can be transferred to photonic and
magnonic systems.
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SUPPLEMENTARY MATERIAL
I. Solving the two-mode quantum Langevin equations in the
time domain
Here we provide the details of how to solve the QLEs
Eq. (3), which gives the analytical expressions Eq. (4) of
the variance of the squeezed cavity and magnon quadratures.
Equation (3) can be cast in the matrix form
u˙(t) = Au(t) + n(t), (9)
where u(t) =
[
δX(t), δY(t), δx(t), δy(t)
]T , with the quadrature
fluctuation operators δX = (δa + δa†)/
√
2, δY = i(δa† −
δa)/
√
2, δx = (δm + δm†)/
√
2, and δy = i(δm† − δm)/√2,
n(t) =
[√
2κaXin(t),
√
2κaY in(t),
√
2κmxin(t),
√
2κmyin(t)
]T is
the vector of input noises, where Xin = (ain + ain†)/
√
2,
Y in = i(ain† − ain)/√2, xin = (min + min†)/√2, and yin =
i(min† − min)/√2, and the drift matrix A is given by
A =

−κa ∆a 0 gma
−∆a −κa −gma 0
0 gma −κm ∆m
−gma 0 −∆m −κm
 . (10)
The formal solution of Eq. (9) takes the following form
u(t) = Z(t)u(0) +
∫ t
0
dt′Z(t′)n(t − t′), (11)
where Z(t) = eAt, and u(0) is the initial state of u(t). We are
interested in the variances of the cavity and magnon mode
quadratures, which are the diagonal elements of the time-
dependent covariance matrix (CM) V(t), which is defined as
Vi j(t) = 12 〈ui(t)u j(t′) + u j(t′)ui(t)〉 (i, j = 1, 2, 3, 4). The CM
V(t) can be obtained by
V(t) = Z(t)V(0)ZT (t) +
∫ t
0
dt′Z(t′)DZT (t′), (12)
where V(0) is the CM of the initial state, and D is the diffusion
matrix, defined as 〈ni(t)n j(t′) + n j(t′)ni(t)〉/2 = Di jδ(t − t′),
representing the correlations between the input noise terms,
which is in the form of
D =

κa(2N + 1 +M +M∗) iκa(M∗ −M) 0 0
iκa(M∗ −M) κa(2N + 1 −M−M∗) 0 0
0 0 κm(2Nm + 1) 0
0 0 0 κm(2Nm + 1)
 . (13)
We are particularly interested in the quadrature squeezing in
the steady state. When the system is stable, Z(∞) = 0, the CM
V(t) for t → ∞ becomes
V(∞) =
∫ ∞
0
dt′Z(t′)DZT (t′). (14)
The solution of V(∞) is equivalent to the solution of the so-
called Lyapunov equation [46]
AV + VAT = −D, (15)
which is linear and can be straightforwardly solved. For the
resonant case ∆a = ∆m = 0, relatively simple expressions for
the variances of the four mode quadratures can be obtained,
in which the cavity phase and magnon amplitude quadratures
are squeezed, whose variances are
6〈δY(t)2〉 = g
2
ma(2Nm + 1)κm + κa(g
2
ma + κaκm + κ
2
m)(cosh 2r − cos θ sinh 2r)
2(κa + κm)(g2ma + κaκm)
,
〈δx(t)2〉 = (2Nm + 1)κm(g
2
ma + κaκm + κ
2
a) + g
2
maκa(cosh 2r − cos θ sinh 2r)
2(κa + κm)(g2ma + κaκm)
.
(16)
For the nonresonant case, ∆a, ∆m , 0, the expressions for the
variances are, however, too lengthy to be reported.
II. Solving the three-mode quantum Langevin equations in the
frequency domain
For the study of mechanical squeezing, the QLEs of
Eq. (6) is given in the reference frame rotating at the magnon
drive frequency ω0, which is red-detuned with respect to
the magnon, cavity, and squeezed drive frequency ∆m, ∆a,
∆s > 0 [see Fig.1 (b) in the main text]. In this case, two
of the cavity input-noise correlation functions 〈ain(t) ain(t′)〉
and 〈ain†(t) ain†(t′)〉 are time-dependent owing to a nonzero ∆s.
This leads to a time-dependent diffusion matrix D and thus the
Lyapunov equation (15) cannot be readily used for the steady-
state solutions. We thus solve the QLEs (6) in the frequency
domain by taking the Fourier transform of each equation. The
expressions for the cavity, magnon, and mechanical quadra-
ture fluctuations, δQ(ω) (Q = X,Y, x, y, q, p), can be obtained,
which take the form of
δQ(ω) = QA(ω) ain(ω) + QB(ω) ain†(−ω)
+ QC(ω)min(ω) + QD(ω)min†(−ω) + QE(ω) ξ(ω),
(17)
where Q j(ω) ( j = A, B,C,D, E) are the coefficients associated
with different input noises. By using the input noise correla-
tions in the frequency domain
〈ain(ω) ain†(−Ω)〉 = 2pi (N+1) δ(ω + Ω),
〈ain†(−ω) ain(Ω)〉 = 2piN δ(ω + Ω),
〈ain(ω) ain(Ω)〉 = 2piM δ(ω + Ω − 2∆s),
〈ain†(−ω) ain†(−Ω)〉 = 2piM∗ δ(ω + Ω + 2∆s),
〈min(ω)min†(−Ω)〉 = 2pi (Nm+1) δ(ω + Ω),
〈min†(−ω)min(Ω)〉 = 2piNm δ(ω + Ω),
〈ξ(ω)ξ(Ω)〉 ' 2pi γb(2Nb+1) δ(ω + Ω),
(18)
the spectra of fluctuations in the quadratures of the mechanical
mode can be achieved by
S Q(ω) =
1
4pi
∫ +∞
−∞
dΩ e−i(ω+Ω)t〈δQ(ω)δQ(Ω)+δQ(Ω)δQ(ω)〉,
(19)
where Q = q, p. The variances of the amplitude and phase
quadratures of the mechanical mode are defined as
〈δQ(t)2〉 = 1
2pi
∫ +∞
−∞
dω S Q(ω). (20)
The variance of the squeezed quadrature 〈δq(t)2〉 can be writ-
ten in the following form (setting ∆s = ωb)
〈δq(t)2〉 = 1
2pi
∫ +∞
−∞
ω2b
{
A(ω) +
[
B(ω)e−i2ωbt + c.c.
]}
dω, (21)
where A(ω) and B(ω) are too lengthy to be reported. The ex-
plicit time dependence in Eq. (21) can be eliminated by work-
ing in the interaction picture with respect to the free Hamilto-
nian of the mechanical oscillator [26], and thus we obtain
〈δq˜2〉 = 1
2pi
∫ +∞
−∞
ω2b
{
1
2
(
1 +
ω2
ω2b
)
A(ω)
+
[1
4
(
1 +
ω
ωb
)(
3 − ω
ωb
)
B(ω) + c.c.
]}
dω.
(22)
III. Observing the squeezing spectrum of the cavity output to
infer the magnon squeezing
Here we provide a straightforward way to infer the
squeezed state of the magnon mode. This is realized by di-
rectly measuring the spectrum of the cavity output field (see
Fig.1 in the main text) and by observing the strong coupling
effects of the cavity and magnon modes. Owing to the in-
trinsic beamsplitter (state-swap) interaction between the cav-
ity and the magnons, the squeezed cavity field and the cavity-
magnon strong coupling are sufficient to infer that the magnon
mode is prepared in a squeezed state.
We thus calculate the spectrum of the cavity output field.
The fluctuation of the cavity output field δaout(ω) can be ob-
tained by using the standard input-output formula [47]
δaout =
√
2κaδa − ain, (23)
where δa(ω) can be easily achieved by solving the QLEs
Eq. (3) in the frequency domain. This allows us to define the
general quadrature fluctuation of the output field as
δZout(ω) =
1√
2
[
δaout(ω)e−iφ + δaout†(−ω)eiφ
]
, (24)
with φ being the phase. For φ = 0, δZout(ω) = δXout(ω), which
is the amplitude fluctuation of the output field; for φ = pi2 ,
δZout(ω) = δYout(ω), i.e., the phase fluctuation of the output
field. Through straightforward calculations, δZout(ω) is found
to be in the following form
δZout(ω) = A(ω) ain(ω) + B(ω) ain†(−ω)
+ C(ω)min(ω) +D(ω)min†(−ω), (25)
7(c)(a) (b)
FIG. 5: The spectrum S outY (ω) of the phase fluctuation of the output field versus the frequency ω for (a) gma = 0, (b) gma = 2κa, and (c)
gma = 4κa. We take r = 1 and the other parameters are as in Fig. 3 (a) and (b) in the main text.
where the coefficients O(ω) (O = A,B,C,D) are given by
A(ω) = e
−iφ
√
2
[
− 1 + 2iκa(∆m − iκm − ω)
g2ma − (∆a − iκa − ω)(∆m − iκm − ω)
]
,
B(ω) = e
iφ
√
2
[
− 1 − 2iκa(∆m + iκm + ω)
g2ma − (∆a + iκa + ω)(∆m + iκm + ω)
]
,
C(ω) = −e−iφ igma
√
2κaκm
g2ma − (∆a − iκa − ω)(∆m − iκm − ω)
,
D(ω) = eiφ igma
√
2κaκm
g2ma − (∆a + iκa + ω)(∆m + iκm + ω)
.
(26)
The spectrum of the quadrature fluctuation δZout(ω) of the out-
put field is defined by
S outZ (ω) =
1
4pi
∫ +∞
−∞
dΩ e−i(ω+Ω)t 〈δZout(ω)δZout(Ω) + δZout(Ω)δZout(ω)〉.
(27)
By using the input noise correlations in Eq. (18), the spec-
trum S outZ (ω) can be obtained, which is, however, too lengthy
to be reported here. The output field is squeezed if S outZ (ω) is
smaller than that of the vacuum state, i.e., S outZ (ω) <
1
2 . Af-
ter exploring the full range of the phase φ ∈ [0, 2pi), we find
that the phase quadrature (φ = pi2 ) of the output field is most
squeezed, and we plot its spectrum S outY (ω) in Fig. 5 using the
parameters as in Fig. 3 (a) and (b) in the main text but for r = 1
and gma = 0, 2κa, and 4κa. We observe two peaks in the spec-
trum at ω ' ±gma when the coupling is large gma > κa, which
is a clear signature of the strong coupling between the cavity
and magnon modes. The magnon mode is therefore squeezed
due to this strong coupling and the transfer of squeezing from
the cavity field to the magnons is most pronounced at frequen-
cies ω ' gma, and ω ' −gma.
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